Abstract. We introduce a new class of canonical analytic Zariski decompositions (AZD's in short) called the supercanonical AZD's on the canonical bundles of smooth projective varieties with pseudoeffective canonical classes. We study the variation of the supercanonical AZDĥ can under projective deformations and give a new proof of the invariance of plurigenera.
1. Introduction. Let X be a smooth projective variety and let K X be the canonical bundle of X. In algebraic geometry, the canonical ring R(X, K X ) := ⊕ ∞ m=0 Γ (X, O X (mK X )) is one of the main objects to study. And it has been studied the variation of pluricanonical systems in terms of variation of Hodge structures [F, Ka, V1, V2] .
The purpose of this article is to study the variation of canonical rings on a projective family by introducing a canonical singular hermitian metric on the relative canonical bundles. The important feature here is the semipositivity of the relative canonical bundles and the invariance of plurigenera are obtained at the same time.
Let X be a smooth projective variety such that K X is pseudoeffective. In this article, we construct a singular hermitian metricĥ can on K X such that:
(1)ĥ can is uniquely determined by X, [N] . We may summarize the 2nd and the 3rd conditions by introducing the following notion. Definition 1.1. (AZD) [T1, T2] Let M be a compact complex manifold and let L be a holomorphic line bundle on M . A singular hermitian metric h on L is said to be an analytic Zariski decomposition (AZD in short), if the followings hold.
(1) The curvature current √ −1 Θ h is semipositive. (2) For every m ≥ 0, the natural inclusion
is an isomorphism. Remark 1.2. A line bundle L on a projective manifold X admits an AZD, if and only if L is pseudoeffective Theorem 1.5] .
In this sense, we construct an AZDĥ can on K X depending only on X, when K X is pseudoeffective (by Remark 1.2 this is the minimal requirement for the existence of an AZD). In factĥ can is not only an AZD of K X , but also a singular hermitian metric with minimal singularities on K X (cf. Definition 4.2). The important feature of this canonical metricĥ can is that it naturally defines a singular hermitian metric on the relative canonical bundle on a smooth projective family of smooth projective varieties with pseudoeffective canonical bundles just by assigning the canonical metric on each smooth fiber and taking lower-semicontinuous envelope and extension across singular fibers (cf. Theorems 1.12 and 1.13). And the most important fact is that the resulting canonical metricĥ can has semipositive curvature on the total space of the family. This immediately gives a new proof of the invariance of plurigenera for smooth projective families (cf. Corollary 1.14).
And using [B-P] , this implies the existence of a canonical hermitian metrics on the direct image of a relative pluricanonical system with "Griffith semipositive" curvature. This semipositivity result is similar to [Ka, V1, V2] .
1.1. Canonical AZD h can . If we assume that X has nonnegative Kodaira dimension, we have already known how to construct a canonical AZD for K X . Let us review the construction in [T5] . THEOREM 1.3. [T5] Let X be a smooth projective variety with nonnegative Kodaira dimension. We set for every point x ∈ X K m (x) := sup |σ| Apparently this construction is very canonical, i.e., h can depends only on the complex structure of X. We call h can the canonical AZD of K X . But this construction works only if we know that the Kodaira dimension of X is nonnegative a priori. This is the main defect of h can . For example, h can is useless to solve the abundance conjecture or to deduce the deformation invariance of plurigenera.
Moreover although h can is an AZD of K X , it is not clear that h can has minimal singularities in the sense of Definition 4.2 below. But it is easy to see that h can has minimal singularities, if K X is abundant.
Supercanonical AZDĥ can .
To avoid the defect of h can , we introduce the new AZDĥ can . Let us use the following terminology. Definition 1.6. (Pseudoeffectivity) Let (L, h L ) be a singular hermitian Q-line bundle on a complex manifold X. (L, h L ) is said to be pseudoeffective, if the curvature current √ −1 Θ h L of h L is semipositive. And a Q-line bundle L on a complex manifold X is said to be pseudoeffecive, if there exists a singular hermitian metric h L on L with semipositive curvature.
Let X be a smooth projective n-fold such that the canonical bundle K X is pseudoeffective. Let A be a sufficiently ample line bundle such that for every pseu-
are globally generated. The existence of such an ample line bundle A follows from Nadel's vanishing theorem [N, p. 561] . See Proposition 4.1 in Section 4.1 for detail.
For every x ∈ X we set if X has nonnegative Kodaria dimension (cf. Theorem 2.9).
In the statement of Theorem 1.7, one may think thatĥ can,A may depend on the choice of the metric h A . But later we prove thatĥ can,A is independent of the choice of h A (cf. Lemma 2.6).
1.3.
Variation of the supercanonical AZDĥ can . Let f : X −→ S be a fiber space such that X, S are complex manifolds and f is a proper surjective projective morphism with connected fibers. Suppose that for every regular fiber X s := f −1 (s), K X s is pseudoeffective (This condition is equivalent to the one that for some regular fiber X s , K X s is pseudoeffective. This is well known. For the proof, see Lemma 3.5 below and Remark 3.6). In this case we may define a singular hermitian metriĉ h can on K X/S similarly as above. Thenĥ can have nice properties on f : X → S as follows. The only difference between Theorems 1.13 and 1.12 is the existence of the set F in Theorem 1.13. We prove Theorem 1.12 by using Theorem 1.13 and the invariance of the twisted plurigenera: Corollary 3.11 below (cf. Corollary 3.12).
In Theorem 1.13, the assertions (1) and (2) are very important in applications. By Theorem 1.13 (or Theorem 1.12) and the L 2 -extension theorem p. 200, Theorem] , we obtain the following corollary immediately (to make sure we give a proof in Section 3.5). COROLLARY 1.14. [S1, S2] Let f : X → S be a smooth projective family over a complex manifold S. Then for every positive integer m, the m-genus P m (X s 
The organization of this article is as follows. In Section 2, we prove Theorem 1.7. In Section 3, we prove Theorem 1.12 by using a result in Corollary 4.2] .
Conventions.
• In this paper all the varieties are defined over C.
• We frequently use the classical result that the supremum of a family of plurisubharmonic functions locally uniformly bounded from above is again plurisubharmonic, if we take the upper-semicontinuous envelope of the supremum [L, p. 26, Theorem 5] .
• For simplicity, we denote the upper (resp. lower) semicontinuous envelope simply by the upper (resp. lower) envelope.
• In this paper all the singular hermitian metrics are supposed to be lowersemicontinuous.
Notations.
• For a real number a, a denotes the minimal integer greater than or equal to a and a denotes the maximal integer smaller than or equal to a. We set {a} := a − a and call it the fractional part of a.
• Let X be a projective variety and let D be a Weil divisor on X. Let 
• For a positive integer n, Δ n denotes the unit open polydisk in C n with radius 1, i.e.,
We denote Δ 1 simply by Δ.
• Let L be a Q-line bundle on a compact complex manifold X, i.e., L is a formal fractional power of a genuine line bundle on X. A singular hermitian metric h on L is given by
where h 0 is a C ∞ -hermitian metric on L and ϕ ∈ L 1 loc (X). We call ϕ the weight function of h with respect to h 0 . We note that even though L is not a genuine line bundle, h makes sense, since a hermitian metric is a real object.
The curvature current Θ h of the singular hermitian Q-line bundle (L, h) is defined by
where ∂∂ϕ is taken in the sense of current. We define the multiplier ideal sheaf
where U runs open subsets of X.
• For a Cartier divisor D, we denote the corresponding line bundle by the same notation. Let D be an effective Q-divisor on a smooth projective variety X. Let a be a positive integer such that aD ∈ Div(X). We identify D with a formal ath root of the line bundle aD. We say that σ is a multivalued global holomorphic section of D with divisor D, if σ D is the formal ath root of a nontrivial global holomorphic section of aD with divisor aD. And 1/|σ D | 2 denotes the singular hermitian metric on D defined by
where h 0 is an arbitrary C ∞ -hermitian metric on D.
• For a singular hermitian line bundle (F, h F 
is independent of the choice of the complete orthonormal basis.
Acknowledgment. The author would like to thank the referee who suggested the use of Fujita's elementary argument instead of Schmidt's theory of variation of Hodge structure [Sch] in Section 3.1. 
Proof of

Upper estimate ofK
A m . Let X be as in Theorem 1.7 and let n denote dim X. Let x ∈ X be an arbitrary point. Let (U, z 1 ,... ,z n ) be a coordinate neighborhood of X which is biholomorphic to the unit open polydisk Δ n such that
Taking U sufficiently small, we may assume that (z 1 ,... ,z n ) is a holomorphic local coordinate on a neighborhood of the closure of U and there exists a local holomorphic frame e A of A on a neighborhood of the closure of U . Then there exists a bounded holomorphic function f U on U such that
holds. We note that (2.2) is equivalent to
where dμ(z) denotes the standard Lebesgue measure on the coordinate. Hence we see that
hold. Hence by the submeanvalue property of plurisubharmonic functions,
holds. Let us fix a C ∞ -volume form dV on X. Since X is compact and every line bundle on a contractible Stein manifold is trivial, we have the following lemma.
LEMMA 2.1. There exists a positive constant C independent of the line bundle A and the Let h X be any C ∞ -hermitian metric on K X . Let h 0 be an AZD on K X defined by h 0 := the lower envelope of inf h | h is a singular hermitian metric
Lower estimate ofK
where inf denotes the pointwise infimum. Then by the classical theorem [L, p. 26, Theorem 5] , h 0 is an AZD with minimal singularities in the sense of Definition 4.2 below.
Let us compare h 0 andĥ can . By the L 2 -extension theorem [O1, O2] , we have the following lemma.
LEMMA 2.2. There exists a positive constant C independent of m such that
) is the diagonal part of Bergman kernel of A + mK X with respect to the L 2 -inner product:
where we have considered σ, σ as A + (m − 1)K X valued canonical forms (see (1.13) ).
Proof of Lemma 2.2. By the extremal property of the Bergman kernel (see for example [Kr, p. 46, Proposition 1.4 .16]), we have that
holds for every x ∈ X, where σ denotes the norm (σ, σ) 1 2 . Let x be a point such that h 0 is not +∞ at x. Let dV be an arbitrary C ∞ -volume form on X as in Section 1.2. Then by the L 2 -extension theorem [O1, O2, O-T] and the sufficient ampleness of A (see Sections 1.2 and 4.1), we may extend any
where C 0 is a positive constant independent of x and m. Let C 1 be a positive constant such that
(2.10) holds on X. By (2.8), we obtain the lemma by taking
hold, i.e., σ is a peak section at x. Then by the Hölder inequality we have that
hold. Hence we have the inequality:
holds. Now we shall consider the limit: 
Remark 2.4. In [D, p. 376, Proposition 3 .1], J. P. Demailly only considered the local version of Lemma 2.3. But the same proof works in our case by the sufficiently ampleness of H. More precisely if we take H to be sufficiently ample, by the L 2 -extension theorem [O-T, O1, O2] , there exists an interpolation operator:
with the L 2 -inner product:
and
is defined similarly, where δ x is the Dirac measure supported at x. This is the precise meaning of sufficiently ampleness of 
hold. This kind of localization principle of Bergman kernels is quite standard. Moreover for an arbitrary pseudoeffective singular hermitian line bundle
, O2] implies the inequality:
and the converse inequality is elementary. See [D] for detail and applications. The reason why we can take O1, O2] is uniform with respect to plurisubharmonic weights. Moreover the extension norm is independent of the weights.
We may and do assume that A is sufficiently ample in the sense of Lemma 2.3. Anyway to defineĥ can we will replace A by A and take the upper limit as tends to infinity. Then by Lemma 2.3 letting m tend to infinity in (2.14), we have the following lemma. LEMMA 2.5.
holds.
By Lemmas 2.1 and 2.5, we see that
exists as a bounded semipositive (n, n)-form on X (n = dim X). We set h can,A := the lower envelope of K Proof. Let h 0 be an AZD of K X with minimal singularities (cf. Definition 4.2) constructed as in (2.5). Then by Lemma 2.5 we see that
holds. Hence we see
holds for every m 1. This implies that Let us considerK
where sup means the pointwise supremum and A runs all the sufficiently ample line bundle on X. Then by Lemma 2.1, we see thatK ∞ is a well defined semipositive (n, n)-form on X. We set h can := the lower envelope ofK
Then by the construction,ĥ can ĥ can,A for every ample line bundle A. Sinceĥ can,A is an AZD on K X ,ĥ can is also an AZD on K X indeed (again by [L, p. 26, Theorem 5] ). Sinceĥ can,A depends only on X and A,ĥ can is uniquely determined by X. By Lemma 2.5, it is clear thatĥ can is an AZD on K X with minimal singularities in the sense of Definition 4.2 below. This completes the proof of Theorem 1.7. Remark 2.8. As in Section 2.2, we see thatĥ can is an AZD on K X with minimal singularities (cf. Definition 4.2). Proof of Theorem 2.9. If X has negative Kodaira dimension, then the right hand side is infinity. Hence the inequality is trivial. Suppose that X has nonnegative
Comparison of
Let x ∈ X be an arbitrary point on X. Since O X (A) is globally generated by the definition of A, there exists an element τ ∈ Γ(X, O X (A)) such that τ (x) = 0 and h A (τ, τ ) 1 on X. Then we see that
holds at x. Noting τ (x) = 0, letting m tend to infinity, we see that
holds. Since x is arbitrary, this completes the proof of Theorem 2.9.
Remark 2.10. The equality h can =ĥ can implies the abundance of K X , if the numerical dimension of (K X ,ĥ can ) is equal to the numerical dimension of K X . This problem will be treated in [T10] .
By the same proof we obtain the following comparison theorem (without assuming X has nonnegative Kodaira dimension). Remark 2.13. By Kodaira's lemma and Theorem 2.11, we see thatĥ can,A is independent of A when K X is big. But it is not clear whetherĥ can,A is independent of A, when K X is pseudoeffective but not big. But by Lemma 2.5, one can easily deduce that for any two members of {ĥ can,A }, the ratio of these metrics is uniformly bounded on X, where A runs all the ample line bundles on X.
3. Variation ofĥ can under projective deformations. In this section we shall prove Theorem 1.13. The main ingredient of the proof is the plurisubharmonic variation property of Bergman kernels [Ber, T9] .
3.1. Construction ofĥ can on a family. Let f : X → S be a proper surjective projective morphism with connected fibers between complex manifolds as in Theorem 1.13.
The construction ofĥ can can be performed simultaneously on the family as follows. The same construction works for flat projective family with only canonical singularities. But for simplicity we shall work on smooth category.
Let S • be the maximal nonempty Zariski open subset of S such that f is smooth over S • and let us set
Hereafter we shall assume that dim S = 1. The general case of Theorem 1.13 easily follows from just by cutting down S to curves (cf. Section 3.3 below). Let A be a sufficiently ample line bundle on X such that for every pseudoeffective singu-
are globally generated for every s ∈ S • as long as h L |X s is well defined (cf. Proposition 4.1). Let h A be a C ∞ -hermitian metric on A with strictly positive curvature. We set
Since we have assumed that dim S = 1, E m is a vector bundle on S for every m 1. We denote the fiber of the vector bundle over s ∈ S by E m,s . Then we shall define the sequence of 1 m A-valued relative volume forms bŷ
for every s ∈ S • , where sup denotes the pointwise supremum. This fiberwise construction is different from that in Section 1.2 at the point that we use E m,s instead of Γ(X s , O X s (A|X s + mK X s )). We note that the difference occurs only over at most countable union of proper analytic subsets in S • by the upper-semicontinuity theorem of cohomologies.
We define the relative |A| where A runs all the ample line bundles on X. At this moment,ĥ can is defined only on K X/S |X • . The extension ofĥ can to the singular hermitian metric on the whole K X/S will be discussed later. 
Remark 3.2. In [B-P, Corollary 4.2], they have assumed that for every s ∈ S • , every global holomorphic section of (mK X/Y + L)|X s extends locally to a holomorphic section of mK X/Y + L on a neighborhood of X s . Apparently they have misunderstood that this extension property is equivalent to the local freeness of the direct image E = p * O X (mK X/Y + L). Actually without assuming such an extension property, the local freeness of E is automatic in the case of dim Y = 1, since the direct image E is always torsion free. In fact for y ∈ Y the fiber E y of the vector bundle E at y is a subspace of H 0 (X y , O X y (mK X y + L|X y )) such that every element of E y is locally holomorphically extendable on a neighborhood of X y . Hence the proof of [B- The following argument is taken from [F, p. 782, Lemma (1, 11) ]. Let σ ∈ Γ(X, O X (A + mK X/S )) be a section such that σ|X 0 = 0. We consider the (multivalued) 1 m A-valued relative canonical form:
We may and do assume that the support of the fiber X 0 is a divisor with simple normal crossings. Let 
is pluripolar. exists as a singular hermitian metric on K X/S on X • = f −1 (S • ), we see thatĥ can,A extends to a singular hermitian metric on the whole X with semipositive curvature current by Lemma 3.4.
Repeating the same argument we see thatĥ can is a well defined singular hermitian metric on K X/S |X • with semipositive curvature current and it extends to a singular hermitian metric on K X/S with semipositive curvature current on the whole X.
3.3. Case dim S > 1. In Sections 3.1 and 3.2, we have assumed that dim S = 1. In this section, we shall extendĥ can as a singular hermitian metric on K X/S over X with semipositive curvature in the case of dim S > 1. The proof is done just by slicing, i.e., we slice the base S by families of curves and apply classical extension theorems for plurisubharmonic functions or closed semipositive currents. Let us assume that dim S > 1 holds. In this case E m = f * O X (A + mK X/S ) may not be locally free on S • . If E m is not locally free at s 0 ∈ S • , thenK A ∞ may not be well defined or may be discontinuous at s 0 , because in this case the fiber E m,s 0 is defined as a maximal linear subspace of Γ(X s 0 , O X s 0 (A|X s 0 + mK X s 0 )) such that every element of the subspace is extendable to a holomorphic section of A + mK X/S on a neighborhood of X s 0 . See (3.28) below. We set for m 1.
• | E m is not locally free at s . [H, p. 71, Theorem 6 ] is stated for closed semipositive (1, 1) currents. In our case, we need the extension of plurisubharmonic functions. But these two extensions are obviously related by ∂∂-Poincaré lemma (and the Hartogs extension theorem for pluriharmonic functions). Hence by the construction,ĥ can is extended to X • as a singular hermitian metric on K X/S |X • .
Next we shall extendĥ can across X\X • . We note that the problem is local and birationally invariant (because the pushforward of a closed semipositive current is again a closed semipositive). Hence by taking a suitable modification of f : X → S, we may assume the following:
(1) S is the unit open polydisk:
(2) D := S\S • is a divisor with normal crossings on S. Let C be a smooth irreducible curve in S satisfying:
Then by the adjunction formula, we see that
holds. For such a curve C, noting (3.16), we may extendĥ can |f −1 (C) ∩ X • to a singular hermitian metric on K X/S |f −1 (C) with semipositive curvature by the case of dim S = 1.
First we shall assume that f : X → S is flat and D is smooth. In this case we may assume that
holds without loss of generality. We set (C(d 2 ,. .
denote the divisor of s 1 and let
be the irreducible decomposition. Let x ∈ X i,reg \(∪ j =i X j ) be a general (here "general" means outside of some proper algebraic subset) point such that there exists a member
(1) C satisfies (C1) and (C2),
is a local defining function of X i on a neighborhood W of x. And if we take W sufficiently small, we may find holomorphic functions
, we see that by [H-P, p. 710 , Theorem 2.1 (c)],ĥ can extends to a singular hermitian metric with semipositive curvature current on W . In this way we see thatĥ can extends to a singular hermitian metric across a nonempty Zariski open subset of X i for every i. Then by [H, p. 71, Theorem 6] , we may extend h can across the whole i X i . Hence in this case we may extendĥ can across the boundary f −1 (D) .
If D = S\S • is reducible and f : X → S is flat, we extendĥ can across f −1 (D reg ) as above and then by [H, p. 71, Theorem 6] we extendĥ can across f −1 (D sing ) which is of codimension 2 in X thanks to the flatness of f .
If f : X → S is not flat, we shall take a flatteningf :X →Ŝ of f : X → S (cf. [Hiro] ). In this caseX andŜ may be singular, but we may and do take them to be normal. Let C be a curve onŜ reg such thatf −1 (C) ∩X reg is smooth and C ∩Ŝ • reg = / 0. Althoughf −1 (C) may be singular, taking a resolution off −1 (C), Let Z be image ofX sing ∪f −1 (Ŝ sing ) by the natural morphismX → X. Then Z is of codimension at least 2 in X. Then the above argument in the flat case,ĥ can extends to a singular hermitian metric on K X/S |X\Z with semipositive curvature current. Then again by [H, p. 71, Theorem 6] , we see thatĥ can extends to a singular hermitian metric on K X/S with semipositive curvature current on the whole X. This completes the proof of the assertion (1) in Theorem 1.13.
3.4.
Completion of the proof of Theorem 1.13. To complete the proof of Theorem 1.13, we need to show thatĥ can defines an AZD for K X s for every s ∈ S • . To show this fact, we modify the construction ofK A m (cf. (3.2)). Here we do not assume dim S = 1. Let us fix s ∈ S • and let h 0,s be an AZD with minimal singularities of K X s constructed as (2.5), i.e., h 0,s := the upper envelope of inf h | h is a singular hermitian metric
where h s is a fixed C ∞ -hermitian metric on K X s . Let U be a neighborhood of O1, O2] and the argument modeled after [S1], we have the following lemma which asserts that Γ(X s , O X s (A|X s + mK X s )) contains a "large" linear subspace whose elements are extendable on a neighborhood of X s .
Remark 3.6. In the proof of Lemma 3.5, we only use the pseudoeffectivity of K X s . Hence this lemma implies that all the fiber over U has pseudoeffective canonical bundles.
Proof of Lemma 3.5. We prove the lemma by induction on m.
0,s )) for some m 2. Suppose that we have already constructed holomorphic extensions: 
This completes the proof of Lemma 3.5 by induction.
We set (3.27) where sup denotes the pointwise supremum.
Next we shall compare Ξ A m,s withK A m·s . But since dim S > 1, we need to generalize the definition ofK A m,s . Recall that in the case of dim S = 1, we have defined (3.28) This is the right substitute of the fiber of E m at s in this case. For every
This is the extension of the definition (3.2) in Section 3.1, where we have assumed that dim S = 1. And we setK On the other hand we have already definedĥ can,A over X (cf. (3.14) ). And we set
By the definition of E m,s (cf. (3.28) ) and the lower-semicontinuity ofĥ can,A , we have thatK
holds for every s ∈ S • . By Lemma 3.5, we obtain the following lemma immediately.
LEMMA 3.7.
Proof. By the definition of Ξ A m,s above and Lemma 3.5 we have that
holds on X s . On the other hand, by (3.30) and (3.32), we see that
hold. Hence combining (3.34) and (3.35), we complete the proof of Lemma 3.7.
We set holds, whereĥ can,s is the supercanonical AZD on K X s . This completes the proof of the first half of the assertion (3) in Theorem 1.13. Here the strict inequality may occur on S • by the effect of the fact that we have taken the lower-semicontinuous envelope in the construction ofĥ can . By the construction it is clear that the latter half of the assertion (3) holds. This completes the proof of Theorem 1.13.
3.5. Proof of Corollary 1.14. Although we believe that Corollary 1.14 is an immediate consequence of Theorem 1.13, to avoid unnecessary misunderstanding, I give a brief proof here.
Let f : X → S be a smooth projective family such that K X s is pseudoeffective for every s ∈ S. We may and do assume that S is the unit open disk Δ in C. We note that there exists a Stein Zariski open subset U of X such that K X/S |U is trivial. Then by the L 2 -extension theorem p. 200, Theorem] and the assertion (1) of Theorem 1.13, every element of
can )) for every s ∈ S. By the assertion (2) of Theorem 1.13, we see that
can )). Then since s is arbitrary, by the upper-semicontinuity of cohomologies, we see that the m-genus h 0 (X s , O X s (mK X s )) is locally constant on S.
3.6. Tensoring semipositive Q-line bundles. In this subsection, we shall consider a minor generalization of Theorems 1.7 and 1.13 and complete the proof of Theorem 1.12.
Bet (B, h B ) be a Q-line bundle on X with C ∞ -hermitian metric with semipositive curvature. For every x ∈ X and a positive integer m such that mB is Cartier, we setK 
Proof. We may and do assume that S is the unit open disk Δ in C. By the L 2 -extension theorem p. 200, Theorem] and the assertion (1) of Theorem 3.10, for every s ∈ S, every element of
extends to an element of
By the assertion (2) of Theorem 3.10, we see that for every s ∈ S
Since s is arbitrary, by the upper-semicontinuity of cohomologies, we see that
The following corollary slightly improves Theorems 1.13 and 3.10. 
Proof. We construct such an A by using L 2 -estimates. In fact let g be a Kähler metric on X and for every x, d x denotes the distance function from x and let R > 0 denotes the infimum of the injective radius on (X, g). Let ρ be a C ∞ -function on [0,R) such that:
Then we may take an ample line bundle A and a C ∞ -hermitian metric h A such that
) are closed strictly positive (1, 1) current on X for every x ∈ X. Then by Nadel's vanishing theorem [N, p. 561] , for every pseudoeffective singular hermitian line
Let h A be a C ∞ -hermitian metric on A with strictly positive curvature as above. Let us fix a C ∞ -volume form dV on X. By the L 2 -extension theorem [O1, O2] we take a sufficiently ample line bundle A so that for every x ∈ X and for every pseudoeffective singular hermitian line bundle (L, h L ) , there exists a bounded interpolation operator:
such that the operator norm of I x is bounded by a positive constant independent of x and (L, h L ), where A 2 (X, A + L, h A · h L ,dV ) denotes the Hilbert space defined by
is defined similarly, where δ x is the Dirac measure supported at x. We note that if h L (x) = +∞, then
Analytic Zariski decompositions and singular hermitian metrics with minimal singularities.
In this paper we have used the notion of AZD's (cf. Definition 1.1). We note that there is a similar but different notion: singular hermitian metrics with minimal singularities introduced in [D-P-S] (see Definition 4.2 below). I would like to explain the difference of these two notions here.
According to [D-P-S] , an AZD is constructed for any pseudoeffective line bundle L as follows. Let h L be any C ∞ -hermitian metric on L. Let h 0 be an AZD on K X defined by the lower envelope of:
inf h | h is a singular hermitian metric on L with
where the inf denotes the pointwise infimum. This construction is exactly the same as (2.5) above. Then by the classical theorem of Lelong [L, p. 26, Theorem 5] it is easy to verify that h 0 is an AZD on L (cf. [D-P-S, Theorem 1.5]). By the definition, h 0 is of minimal singularities in the following sense.
Definition 4.2. Let L be a pseudoeffective line bundle on a smooth projective variety X. An AZD h on L is said to be a singular hemitian metric with minimal singularities or an AZD with minimal singularities, if for any singular hermitian metric h on L with semipositive curvature current, there exists a positive constant C such that h C · h holds on X. In particular for any AZD h on L the above inequality holds for some positive constant C.
We note that any AZD's with minimal singularities are quasi-isometric, i.e., any two AZD's with minimal singularities h 1 ,h 2 on a common line bundle L, there exists a positive constant C > 1 such that
holds. In particular for any AZD with minimal singularities h on a line bundle L, the multiplier ideal I(h m ) is uniquely determined for every m. And the above construction of an AZD is very easy. In the above sense, the AZD with minimal singularities is very canonical. But in general, an AZD is not with minimal singularities as follows.
Example 4.3. Let X be a smooth projective variety and let D be a divisor with simple normal crossings on X. Suppose that K X + D is ample. Then there exists a complete Kähler-Einstein form ω E on X\D with −Ric ω E = ω E and ω E extends to a closed positive current on X with vanishing Lelong numbers and [ω E ] = 2πc 1 (K X + D) [Ko] . The metric h := (ω n E ) −1 (n = dim X) is a singular hermitian metric on K X + D with strictly positive curvature on X. Let In particular h is not of minimal singularities.
As above, even in the case of ample line bundles, some natural AZD's are not of minimal singularities. Indeed the notion of AZD's is much broader than the notion of singular hermitian metrics with minimal singularities. Much more general singular Kähler-Einstein metrics on LC pairs of log general type was considered in [T7] . More precisely in the paper, we have considered singular Kähler-Einstein metrics on LC pairs (X, D) of log general type such that the inverse of the Kähler-Einstein volume form is an AZD on K X + D. In that case the AZD is not necessarily of minimal singularities as is seen in the above examples.
And also it is not clear whether the canonical AZD h can defined in Section 1.1 has minimal singularities.
The above examples indicate that we had better not to restrict ourselves to consider AZD's with minimal singularities to consider broader canonical singular hermitian metrics.
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